Abstract. We present a general construction of the derived category of an algebra over an operad and establish its invariance properties. A central role is played by the enveloping operad of an algebra over an operad.
Introduction
It is a classical device in homological algebra to associate to an associative ring R the homotopy category of differential graded R-modules, the so-called derived category D(R) of R. One of the important issues is to know when two rings have equivalent derived categories; positive answers to this question may be obtained by means of the theory of tilting complexes, which is a kind of derived Morita theory, cf. Rickard [15] , Keller [10] , Schwede [16] , Toën [19] . In this paper, we provide a solution to the problem of giving a suitable construction of the derived category associated to an algebra over an operad in a non-additive context. Building on earlier work of ours (cf. [2, 3] and the Appendix to this paper) we establish general invariance properties of this derived category under change of algebra, change of operad and change of ambient category. In the special case of the operad for differential graded algebras, our construction agrees with the classical one.
A central role in our proofs is played by the enveloping operad P A of A whose algebras are the P-algebras under A. Indeed, the monoid of unary operations P A (1) may be identified with the enveloping algebra Env P (A) of A. The latter has the characteristic property that Env P (A)-modules (in the classical sense) correspond to A-modules (in the operadic sense). This indirect construction of the enveloping algebra occurs in specific cases at several places in the literature (cf. Getzler-Jones [6] , Ginzburg-Kapranov [7] , Fresse [4, 5] , Spitzweck [18] , van der Laan [20] , Basterra-Mandell [1] ). The main point in the use of the enveloping operad P A rather than the enveloping algebra P A (1) is that the assignment (P, A) → P A extends to a left adjoint functor which on admissible Σ-cofibrant operads P and cofibrant P-algebras A behaves like a left Quillen functor on cofibrant objects. It is precisely this good homotopical behavior that allows the definition of the derived category D P (A) for any P-algebra A and implies the required invariance properties of the construction.
Enveloping Operads and Enveloping Algebras
Let E be a (bicomplete) closed symmetric monoidal category. We write I for the unit, − ⊗ − for the monoidal structure and Hom E (−, −) for the internal hom of E.
This section is a recollection of known results on categories of modules over a P-algebra A, where P is any symmetric operad in E. The main objective of this section is to fix the notations and definitions we use. The category of A-modules is a module category in the classical sense for a suitable monoid in E, the so-called enveloping algebra of A. We will explain in detail that the enveloping algebra of A is isomorphic to the monoid of unary operations P A (1) of the so-called enveloping operad of the pair (P, A). The enveloping operad P A is characterised by a universal property which implies in particular that P A -algebras are the P-algebras under A. Definition 1.1. Let A be a P-algebra in E. An A-module (under P) consists of an object M of E together with action maps
subject to the following three axioms:
(1) (Unit axiom) The operad-unit I → P(1) induces a commutative triangle
(2) (Associativity axiom) For each n = n 1 + · · · + n s ≥ 1, the following diagram commutes:
where α is induced by the operad structure of P, and β is induced by the P-algebra structure of A and the A-module structure of M ; in particular, l is the unique natural number such that n 1 +· · ·+n l−1 < k ≤ n 1 +· · ·+n l . (3) (Equivariance axiom) For each n ≥ 1, the µ n,k induce a total action THE DERIVED CATEGORY OF AN ALGEBRA OVER AN OPERAD   15 where the symmetric group Σ n acts on the coproduct by permuting factors.
A morphism f : M → N of A-modules under P is a morphism in E rendering commutative all diagrams of the form
The category of A-modules under P will be denoted by Mod P (A); the forgetful functor (M, µ) → M will be denoted by U A : Mod P (A) → E. This category can be identified with the full subcategory of left P-modules concentrated in degrees 0 and 1. In order to make this more explicit, recall that a left P-module M consists of a collection (M k ) k≥0 of Σ k -objects together with a map of collections P • M → M satisfying the usual axioms of a left action. Such a collection (M k ) k≥0 is concentrated in degrees 0 and 1 precisely when all M k for k ≥ 2 are initial objects in E. The left P-module structure restricted to M 0 endows M 0 with a P-algebra structure, while the left P-module structure restricted to (M 0 , M 1 ) amounts precisely to an M 0 -module structure on M 1 under P.
There is yet another way to specify such a pair (A, M ) if E is an additive category. Recall that a P-algebra structure on the object A of E is equivalent to an operad map P → End A taking values in the endomorphism operad of A. The latter is defined by
where the operad structure maps are given by substitution and permutation of the factors in the domain. For a pair of objects A and M in an additive category E, we define a linear endomorphism operad End M |A of M relative to A such that operad maps P → End M |A correspond to a P-algebra structure on A together with an A-module structure on M .
This linear endomorphism operad End M |A is defined as a suboperad of the endomorphism operad End M ⊕A , where − ⊕ − stands for the direct sum in E. Since
with the usual matrix rule for composition, it makes sense to define End M |A (n) as that subobject of End M ⊕A (n) that takes the summand A ⊗n to A, the summands of the form A
to M , and all other summands to a null (i.e. initial and terminal) object of E. It is then readily verified that this subcollection (End M |A (n)) n≥0 of (End M ⊕A )(n)) n≥0 defines a suboperad End M |A of End M ⊕A , and that an operad map P → End M |A determines, and is determined by, a P-algebra structure on A together with an A-module structure on M .
It follows from the preceding considerations that for each A-module M in an additive category E, the direct sum M ⊕ A carries a canonical P-algebra structure, induced by the composite operad map P → End M |A → End M ⊕A ; the resulting P-algebra is often denoted by M A, cf. [8] . Projection on the second factor defines a map of P-algebras M A → A, hence an object of the category Alg P /A of P-algebras over A. This assignment extends to a functor ρ : Mod A → Alg P /A. The following lemma is due to Quillen [14] ; it is the starting point for the definition of the cotangent complex of the P-algebra A. Proof. Since E is additive, the category of A-modules is additive and any Amodule carries a canonical abelian group structure in Mod A . By inspection, the functor ρ : Mod A → Alg P /A preserves finite products, thus abelian group objects, so that for any A-module M , the image ρ(M ) carries a canonical abelian group structure in Alg P /A. The zero element of this abelian group structure is given by the section A → M ⊕ A; in particular, the functor ρ is full and faithful, provided ρ is considered as taking values in the category of abelian group objects of Alg P /A.
It remains to be shown that any abelian group object of Alg P /A arises as ρ(M ) for a uniquely determined A-module M . Indeed, an abelian group object N → A has a section A → N by the zero element so that N splits canonically as N = M ⊕ A. The P-algebra structure on N = M ⊕ A restricts to the given Palgebra structure on A. The abelian group structure (α, id A ) :
commutes with the P-algebra structure of N ; thus, the square
is commutative which implies that µ 2 is zero. This shows that the operad action P → End M ⊕A factors through End M |A and we are done.
Lemma 1.4. Let P be an operad. The category of P(0)-modules under P is canonically isomorphic to the module category of the monoid P(1).
Proof. For a P(0)-module M under P, the action map µ 1,1 : P(1) ⊗ M → M defines an action on M by the monoid P (1) . Conversely, an action on M by P (1) extends uniquely to action maps µ n,k : P(n) ⊗ P(0)
where we use the symmetry of the monoidal structure as well as the operad structure maps
The lemma is proved. Definition 1.5. Let P be an operad and A be a P-algebra. The enveloping operad P A of the P-algebra A is defined by the universal property that operad maps P A → Q correspond precisely to pairs (φ, ψ) consisting of an operad map φ : P → Q and a P-algebra map ψ : A → φ * Q(0), and that this correspondence is natural in Q.
Alternatively, we can consider the category Pairs(E) whose objects are pairs (P, A) consisting of an operad P and a P-algebra A, and whose morphisms (P, A) → (Q, B) are pairs (φ, ψ) consisting of an operad map φ : P → Q and a P-algebra map ψ : A → φ * (B). There is a canonical embedding of the category Oper(E) of operads in E into the category Pairs(E) given by P → (P, P (0)). The universal property of the enveloping operad then expresses (provided it exists for all P and A) that Oper(E) is a reflective subcategory of Pairs(E) and that the left adjoint of the embedding is precisely the enveloping operad construction Pairs(E) → Oper(E) : (P, A) → P A . In particular, if this left adjoint exists, it preserves all colimits.
Proposition 1.6. The enveloping operad P A exists for any P-algebra A.
Proof. For a free P-algebra A = F P (X), where X is an object of E, the enveloping operad of F P (X) is given by
see, for instance, Getzler and Jones [6] . A general P-algebra A is part of a canonical coequalizer
whence the corresponding coequalizer of operads
has the required universal property of the enveloping operad of A.
The identity P A → P A corresponds by the universal property to an operad map η A : P → P A together with a map of P-algebrasη A : A → η * A P A (0). We will now show that the latter map is an isomorphism.
Lemma 1.7. For any P-algebra A, the category of P A -algebras is canonically isomorphic to the category of P-algebras under A, and P
Proof. The pair (η A ,η A ) induces a functor from the category of P A -algebras to the category of P-algebras under A, which is compatible with the forgetful functors. This functor is an isomorphism of categories since a P A -algebra structure on B is given equivalently by an operad map P A → End B or by an operad map P → End B (i.e. a P-algebra structure on B) together with a map of P-algebras A → B. Lemma 1.8. Let P be an operad and α : A → B be a map of P-algebras. Write B α for the P A -algebra defined by α. The enveloping operad of the Palgebra B is isomorphic to the enveloping operad of the P A -algebra B α .
Proof. An operad map (P A ) B α → Q gives rise to a pair (φ, ψ) consisting of an operad map φ : P A → Q and a P A -algebra map ψ : B α → φ * Q(0). According to Lemma 1.7, the latter yields a P-algebra map ψ : B → η * A φ * Q(0) (under A) for the canonical operad map η A : P → P A . Conversely, the pair (φη A , ψ ) uniquely determines the operad map (P A ) Bα → Q we started from. Therefore, the enveloping operad (P A ) B α has the same universal property as the enveloping operad P B so that both operads are isomorphic.
The following proposition is preparatory for the relationship between enveloping operad and enveloping algebra. The result is implicitly used by Goerss and Hopkins, compare [8, Lemma 1.13].
Proposition 1.9. Let T be a monad on a closed symmetric monoidal category E.
The
category of T -algebras is a module category for a monoid M T in E if and only if the tensor-cotensor adjunction of E lifts to the category of T -algebras along the forgetful functor U T : Alg T → E. If the latter is the case, the monad T is isomorphic to T (I) ⊗ (−), i.e. the monoid M T is given by T (I).
Proof. Assume first that the monad T is given by tensoring with a monoid M T . Then the tensor-cotensor adjunction of E lifts as follows. For any M T -modules M, N and object X of E, the tensor M ⊗ X inherits an M T -module structure by
the cotensor Hom E (X, N ) inherits an M T -module structure by the adjoint of
Assume conversely that such a lifted tensor-cotensor adjunction exists for a given monad T on E. By adjointness we get, for any objects X, Y , binatural isomorphims of T -algebras
Since, by assumption, U T preserves tensors this implies (setting X = I) that the monad T = U T F T is isomorphic to T (I) ⊗ (−); in particular, T (I) carries a canonical monoid structure. 
the symmetric group Σ n acting by permutation of the factors. Moreover, define the object P(A, M ) = n≥1 P(n) ⊗ Σn Ψ(A, M ). The axioms of an A-module M amount then to the existence of an action map µ M : P(A, M ) → M which is unitary and associative in a natural sense. For instance, the associativity constraint uses a canonical isomorphism (
where F P (A) is the free P-algebra on A. It follows that for a free P-algebra A = F P (X) the free A-module on M is given by P(X, M ), the A-module structure being induced by the isomorphism just cited. A general P-algebra A is part of a reflexive coequalizer
which is preserved under the forgetful functor Alg P → E. Therefore, the underlying object of the free A-module
Proposition 1.9 implies that the category Mod A is a module category for the monoid (2) we end up with the following reflexive coequalizer diagram in E
For the second step of the proof observe first that the coequalizer (1) in Oper(E) is preserved under the forgetful functor from operads to collections, since operads are monoids in collections with respect to the circle product, and since the coequalizer is reflexive. Therefore we get the following reflexive coequalizer diagram in E
It follows from the definitions that (3) and (4) are isomorphic diagrams in E. It remains to be shown that the monoid structures of M A and of P A (1) coincide under this isomorphism. Lemmas 1.4 and 1.7 imply that the category of P A (1)-modules is isomorphic to the category of A-modules under P A ; the canonical operad map η A : P → P A induces thus a functor (over E) from the category of P A (1)-modules to the category of A-modules under P, and therefore (by Proposition 1.9) a map of monoids from P A (1) to M A ; this map of monoids may be identified with the isomorphism between the coequalizers of (4) and (3). Definition 1.11. For any algebra A over an operad P in a closed symmetric monoidal category E, the enveloping algebra Env P (A) is the monoid P A (1) of unary operations of the enveloping operad of A.
The enveloping algebra construction is a functor that takes maps of pairs (φ, ψ) : (P, A) → (Q, B) to maps of monoids Env P (A) → Env Q (B) in E. Theorem 1.10 shows that the category of A-modules under P is canonically isomorphic to the module category of the enveloping algebra Env P (A).
The purpose of the remaining part of this section is to give a sufficient condition for the enveloping algebra Env P (A) to be a bialgebra, i.e. to have a compatible comonoid structure; this amounts to the existence of a monoidal structure on the category of A-modules under P.
Recall that a Hopf operad P in E is by definition an operad in the symmetric monoidal category Comon(E) of comonoids in E; for such a Hopf operad, a P-bialgebra is defined to be a P-algebra in Comon(E). Alternatively, a "Hopf structure" on an operad P amounts to a monoidal structure on the category of P-algebras such that the forgetful functor is strongly monoidal, cf. [12] ; Pbialgebras are then precisely comonoids in this monoidal category of P-algebras.
For any two operads P and Q, the tensor product P ⊗ Q denotes the operad defined by (P ⊗ Q)(n) = P(n) ⊗ Q(n).

Proposition 1.12. For any Hopf operad P and P-bialgebra A, the enveloping operad P A is again a Hopf operad. In particular, the enveloping algebra of A is a bialgebra in E.
Proof. Any Hopf operad P has a diagonal P → P ⊗ P. Therefore, for any Palgebras A and B, there is a canonical operad map P → P ⊗ P η A ⊗η B −→ P A ⊗ P B , and hence by the universal property of P A⊗B , a canonical operad map P A⊗B → P A ⊗ P B .
If A is a P-bialgebra, there is a diagonal A → A ⊗ A in the category of P-algebras and hence a diagonal P A → P A⊗A → P A ⊗ P A in the category of operads. This shows that P A is a Hopf operad, and that P A (1) is a bialgebra in E.
The Derived Category of an Algebra over an Operad
In this section, we study the derived category of an algebra over an operad. For any P-algebra A, the derived category D P (A) is defined to be the homotopy category of the category of cA-modules, where cA is a cofibrant resolution of A in the category of P-algebras. Thanks to Theorem 1.10, invariance properties of D P (A) correspond to invariance properties of the enveloping algebra Env P (A). Since the enveloping algebra may be identified with the monoid of unary operations of the enveloping operad P A , the methods of [2] apply (see the Appendix for a small correction to [2] ), and we get quite precise information on the invariance properties of the derived category D P (A).
From now on, E denotes a monoidal model category. Recall (cf. Hovey [9] ) that a monoidal model category is simultaneously a closed symmetric monoidal category and a Quillen model category such that two compatibility axioms hold: the pushout-product axiom and the unit axiom. The unit axiom requires the existence of a cofibrant resolution of the unit cI ∼ −→ I such that tensoring with cofibrant objects X induces weak equivalences X ⊗ cI ∼ −→ X. The latter is of course automatic if the unit of E is already cofibrant. We assume throughout that E is cocomplete and cofibrantly generated as a model category.
For any unitary associative ring R, the category of simplicial R-modules is an additive monoidal model category with weak equivalences (resp. fibrations) those maps of simplicial R-modules whose underlying map is a weak equivalence (resp. fibration) of simplicial sets. Similarly, the category of differential graded R-modules is an additive monoidal model category with weak equivalences (resp. fibrations) the quasi-isomorphisms (resp. epimorphisms) of differential graded R-modules.
Recall from [3] that a map of operads is called a Σ-cofibration if the underlying map is a cofibration of collections and an operad P is called Σ-cofibrant if the unique map from the initial operad to P is a Σ-cofibration. In particular, for a Σ-cofibrant operad P, the unit I → P(1) is a cofibration in E. This terminology differs slightly from [2] where an operad with the latter property has been called well-pointed.
An operad P is called admissible if the model structure on E transfers to the category Alg P of P-algebras along the free-forgetful adjunction
i.e. if Alg P carries a model structure whose weak equivalences (resp. fibrations) are those maps f : A → B of P-algebras for which the underlying map U P (f ) :
is weak equivalence (resp. fibration) in E. See [2, Proposition 4.1] for conditions on P which imply admissibility.
Lemma 2.1. For any admissible operad P and P-algebra A, the enveloping operad P A is again admissible.
Proof. This follows immediately from Lemma 1.7.
A (trivial) cellular extension of P-algebras is any sequential colimit of pushouts A → A[u] of the form
where A denotes the counit of the free-forgetful adjunction and u : U P (A) → X is a generating (trivial) cofibration in E. A cellular P-algebra A is a cellular extension of the initial P-algebra P(0).
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Lemma 2.2. Let P be a Σ-cofibrant operad and A be a P-algebra. If the unique map of P-algebras P(0) → A is a (trivial) cellular extension of Palgebras, then the induced map P → P A is a (trivial) Σ-cofibration of operads.
Proof. The case of a cellular extension is [2, Proposition 5.4] . Exactly the same proof applies to a trivial cellular extension as well.
A monoid M in E will be called well-pointed if the unit map I → M is a cofibration in E. In particular, if I is cofibrant then a well-pointed monoid M has a cofibrant underlying object. Proposition 2.3. Let P be an admissible Σ-cofibrant operad and A be a cofibrant P-algebra. Then the enveloping operad P A is an admissible Σ-cofibrant operad. In particular, the enveloping algebra Env P (A) is well-pointed.
Proof. Admissibility was dealt with in Lemma 2.1. Any cofibrant P-algebra is retract of a cellular P-algebra, whence P A is retract of Σ-cofibrant operad and therefore Σ-cofibrant. The second statement follows from the identification of the enveloping algebra Env P (A) with P A (1).
Corollary 2.4. Let P be an admissible Σ-cofibrant operad and α : A → B be a weak equivalence of cofibrant P-algebras. The induced map P α : P A → P B is a weak equivalence of admissible Σ-cofibrant operads. In particular, the induced map of enveloping algebras Env P (A) → Env P (B) is a weak equivalence of wellpointed monoids.
Proof. By K. Brown's Lemma, it suffices to consider the case of a trivial cellular extension α. The statement then follows from Lemmas 1.8, 2.1 and 2.2, since P B may be identified with (P A ) B α , and P A is an admissible Σ-cofibrant operad. Theorem 2.6. Let P be an admissible Σ-cofibrant operad in a cofibrantly generated monoidal model category. For any cofibrant P-algebra A, the category Mod P (A) of A-modules carries a transferred model structure.
Any map of cofibrant P-algebras f : A → B induces a Quillen adjunction
Proof. By Proposition 2.3, the enveloping algebra of a cofibrant P-algebra is well-pointed. Theorem 1.10, Corollary 2.4 and Proposition 2.7 then yield the conclusion.
Proposition 2.7. Let E be a cofibrantly generated monoidal model category. 
Proof. The first part of (a) follows by a transfer argument (cf. [2, Section 2.5]) from the fact that tensoring with M preserves colimits, as well as cofibrations and trivial cofibrations; the preservation of cofibrations and trivial cofibrations follows from the pushout-product axiom and the well-pointedness of M . If in addition M has a compatible comonoid structure, then Mod M carries a closed monoidal structure which is strictly preserved by the forgetful functor Mod M → E. Since the forgetful functor preserves and reflects limits as well as fibrations and weak equivalences, this implies that Mod M satisfies the axioms of a monoidal model category.
The first statement of (b) follows, since f * preserves fibrations and trivial fibrations by definition of the transferred model structures on Mod M resp. Mod N . For the second statement of (b), we use that (f ! , f * ) is a Quillen equivalence if and only if the unit η X : X → f * f ! (X) is a weak equivalence at each cofibrant M -module X. Assume that f is a weak equivalence; since any cofibrant M -module is retract of a "cellular extension" of the initial M -module, Reedy's patching and telescope lemmas (cf. [3, Section 2.3]) imply that it is sufficient to consider M -modules of the form M ⊗ C, where C is a cofibrant object of E. In this case, the unit η M ⊗C may be identified with f ⊗ id C : M ⊗ C → N ⊗ C; the latter is a weak equivalence by an application of the pushout-product axiom and of K. Brown's Lemma to the functor (−) ⊗ C : I/E → C/E. Remark 2.8. It follows from Proposition 2.7 (b) that for each weak equivalence f : M → N of well-pointed monoids, the unit η X : X → f * f ! (X) is a weak equivalence at cofibrant M -modules X. For later use, we observe that this holds also if X is only cofibrant as an object of E provided N is cofibrant as an M -module.
Remark 2.9. If E satisfies the monoid axiom of Schwede and Shipley [17] , the category of M -modules carries a transferred model structure for any monoid M in E. The monoid axiom holds in many interesting situations, in particular if either all objects of E are cofibrant, or all objects of E are fibrant. However, even if the monoid axiom holds, Proposition 2.7 (b) does not carry over to a basechange along arbitrary monoids; indeed, the unit of the base-change adjunction In general it is more restrictive for f : A → B to be a weak equivalence than to induce a Quillen equivalence. A complete characterisation of those f which induce a Quillen equivalence on module categories would require a homotopical Morita theory. We give here, in a particular case, a precise criterion for when a Quillen equivalence between module categories comes from a weak equivalence. We shall now discuss the functorial behavior of the derived category under change of operads φ : P → Q. Recall that φ induces an adjunction
which is a Quillen adjunction for admissible operads P, Q. In particular, for any P-algebra A, φ induces a map of enveloping operads 
is a weak equivalence inducing another equivalence of derived categories. Also, part (b) gives an equivalence
). Putting all these equivalences together, we get as required between monoidal model categories is an adjoint pair which is simultaneously a Quillen adjunction (with respect to the model structures) and a monoidal adjunction (with respect to the closed symmetric monoidal structures). The latter means that the left and right adjoints of the adjunction are lax symmetric monoidal functors, and that unit and counit of the adjunction are symmetric monoidal natural transformations, see [11, III.20] for details. Observe that if the left adjoint of an adjunction between closed symmetric monoidal categories is strong symmetric monoidal, then the right adjoint carries a natural symmetric monoidal structure for which the adjunction is monoidal. Proof. This follows from the fact that cofibrant modules over well-pointed monoids have cofibrant underlying objects, and that Φ ! is just Φ * on the underlying objects.
